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ABSTRACT
?F:'om & consideration of boundary conditions a. set of
.‘oi'qua‘t'-i‘o;zs: 1s derived for & plane~iiave crystal transducer cperited “
) as elther a transmitter or a receiver, The transducer may be of | i
VT
. eitheri\l;engthwj.se or thi'c'léness type, and the crystvals, back plate, '
‘ G ' @ —
and front plat e,) nay have any dimensions in ‘the waveédirection.
. The squations are applied especially to the problem of the el
receiver. The tuned receiver, in which the transducer is in l
reésonance with the incident radiation, receives particular attention, f.
o Exprésgions are ziven fo VOl:bv.{,e and pover in the outpur; circuit as - )
' functions of the output admittance; toking aceount éiso of losses in X
R the transducer. Froi these expréssions tlie output conductance and
) _-f susceplance for maxial power aré céalculated, VIt; is shéwn tha’.t in :
~an ideal rxp-ldz’ss broa scmce all the ~érdem.p over cqtf{!.g Pf,, Eorxverted :'
- 7 if;to useful output, the trgm_sduce becon:mr a perfect absorhqr. ‘ - :i
Numerical data are presented for a quartz receiver of the e}
tnicknes« type, and for a lengthwise-tyne r’ééeiver with crystals of X
Y.
. A.DP For the lziter casc curves reps esent:mg the performa.nce a6 a :
r R ‘ function of cf"lclenc'r are given. (Ccy\ Ua ¢ ‘ijor' G \; =Yg 7"*'{&/
‘Seo {P-*w“.lw’; 7'2 ,}C U 5”7/5’) I
" QL e . . QG — ';‘rq
3
YR .
i - s
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I
A GENERALIZFD -THEORY OF THE ~ (‘
T CRYSTAL TRANSMITTER AND REGETVER FOR_PLANE WAVES ~ 1",1—';,
¥t = yed®t = instanteneous ¢.m.f. betuesn electrodes i
_ go_ +o E.—i ~ = amplitudes ¢f vaves shown in Fig. % J‘
- 6. = phase angle of E- vith resnect to V at 32:"‘_?;?*,344 o L
) G1, 62 = phase angles r,, and £ £, with respect to V at x = 0 )
93, 6, = phase angles of &; and E‘,;‘ with res pect to V at x ‘!7A_47 - )
85 Bgs 9,;7 = phase éng;eg of §_).:, €6 and €7 with respec,t to v at X = IQ 'tya
v 'élbcb? Py gdc d; and (oo'ic;'o- = ggoustic c:ésistiv{t;ies of 'backing,
’ crystal; front plate, and liquid .
mo = Py/o mT Ced/fo BT @/ee o - B
. Np = Op/fs A =cff, Ay = cy/fy uavelengths 1n backing, crystal, and I
N front plate
By = 'gb’ o = 270/ Ny B =ollo = amh/ny By =0k = amhy/N,

B, = g° Hb B = e"]‘% By = L | L
gy E “f’bcba?""q = Qéf'; qd‘ g\ "d?;ﬁelaJtﬂc stwffnes =Cccn 'St%g&s,of L
- -7 backisag, crystal‘,‘ and front piga.té‘ : .;y

S?,T: = strain and stress. . Both are po,s'iti‘vé ‘when Qjéténs;onaia »
. Y = & =ejQ"n' for n A:EV‘fI"orJ1 0 to 7 |
s H = effectlve plezoelectﬂlc .acrevs-r-onstant ﬁ

By — S PSRN —— N S

n = total number of crjstal plates in the lengthwme transducer, each of
width w and thicknéss t.

A = radiating areas In the léngthwiSe transducer; A = nwt.

X' = gryatal dinension in the wvave-direction. With thickness vibrations,
' - - R is the thicknessy with lengthwise
. 7 - vibrations, K is the length.




4

= perinittivity at constant Strain, used with thickness ¥ibrations
= pefmittivity Lfor lengtihwise vibrations

= W/ fpe (thicmess type) or HV/wtEe (lengtivise type)

210/ 0 ‘2(:3‘:@ {thickness typel; WV 2}12A/t?rr,~.-.g (lengthwise type)

= znmqv+ /i (thickness type); \// g = Ea— \zb/,e H (lengthirise type)




L ‘ ‘INTRQDUCTION

45 n

The transducer theory previously reported1 has now been extended
to include the casc in wliici. the transducér acts .8 a receiver of normally
ingident plane waves., The eitension consists in the recognition of two
sourc¢es of excitation, one: electfic, the other acoustic. ﬂhehctﬁé eleca

trical excitation alope is present, the load is ‘coustic and the device

—  1sa §;§g§9i§§§;» thon the excitation is acoustic, end the transducer
terninals are connected to a passive electrie nétWéﬁk;‘there is also some
electric excitation due t6 the reaction of the network.

"""" : Our prodlem is to assemble a set of equations bgsed anbngda:?
conditions, the éélution of which will yield igﬁormatién on the t?ansducer
performance. The same equations are -applicable vhether the crystals are in
lengthwise or thickness vibration, and vhether the transducer acts as a
transmitier or a ;eceivef. The erystal assembly may have front and back
lplates of" any concucting materials and thicknesses. ﬁossesjin these plates‘

————- and in-tha grystaQS-ar Sig ored. but losses in thc mount;ng aré represented 1

— by an electrical equivalent.

-

1 W.. G. Cady, ) Theorv of the Cnystal Transducev for Plane Whves,“ Tgchnical
Report No, 2, September 29, 1943, Contraét Néonr-262, Wesleyan Universitys;
published in Jour, Acous. Soc. Am., A, 65-73 (1949). Thmq paper deals with

" erystals in Iengtivise vivrations TVEWS e

~ — e —

“We G uadj, “Piezoclecuric Lquatiohs of State and Their Application to
- ) Thickness=Vibration Transducers," Technical Repoit No..?, March 20, 1950, =
Contract Néonr-262, Weslevan Univeramty; published in Jour. Acous Soc, .

22, 879-583 (1950). O . i

e e D




. . ,
N ‘Thé thesry vill bu given for a transducer of the thickness+¥ibration
N types Iater it will be showm that by nodifying the definitions of certain
paraneters the samc eguationé can be used with the .‘lengﬁhwise type. As 7
- shown in Fig., %5 ®he ci¥stal C, Qf‘ nosdic of erystals, i cemented betucen S
a back plate B aml Lront. p_Late (u-le “dlaphragm") De The toﬁé.'i tm.c’mes;, /
/Y bt ,? | + /e q° mey be equivalent t6 a half wavelength, with /? relatively ;‘
| | |
g B ¢ D ’ | Z‘
= Xb | ) i} ;
R o
. 3 - Zy- .
- A 7 Fig. 1 : . ‘ ,;'
Transducér consisting of ecrystal C, bncking B, )
and front plate D V2
. ' 3
T small, as in bhe Longevin quartz-steol sandwich, or tne_};;sfaﬁ 1tself may be
a ﬁaﬁ:{lavclenﬂth in Yaickness. In the genexral formulation no res’omction is
mad.n vith regard 46 dimensions, except that thc radiating area A has dimen- /)
sions large in. \conpa 1 5on with the t'lavéleﬁﬁh. - B /




In the steady state thé ¥vibrabion in each componsiit 6f the transducer

- . ¢
is represented by two oppositely traveling waves. In the transmitter, §6 is
the amplitude of the cmitved wvave, and Zg i8 replaeéed by the impressed voltage

V. Theré is no dncident wave, so that 57,=‘0; In the receiver, §7 is the

Anedient and r:) the refloected amplitude, thé latter being dependent on the |
characteristics of the transducer and o the nature of the electrical load,
Zons : -
&
; o The procedure is simplificd by expressing all phase angles in terms of
~the phase of V for both transmitter and recclvc s with V ﬁnﬁ.
The x-axis is parallel to the direction of wave p°0pavauion, with the

origin at that erystal boundary which is more remote fron tlic Fadiating

r

nedium. The metallic back anéd front nlates B and D serve as electrodes for

>

the output 1mpedance Zy or tlie crivmng generstor, The surface of B at

-,Qb is in contact with air, so that reflectio, is practically perfect. This
= fact uiakes it possible to express & in terms of ., thereby reducing the
number of variables by ono.

122 the boundary conditions

o __ . By erployihg the concept of traveling vaves
can be formulated, leading to a set of severn simultaneous equations. In the

recoiﬁgr,ithe‘UnkﬁownS'arcrﬁo, Ez, 53, {A, 55, Eé,rand.VQ to be golved in

terms of frequency, En, and Zoe -

_ . Ib is agsunoed that all visdéous and other mechanical losses in the

trengducer can be represented, at any particular frequency, by a rosistance

- in p&r&llél with Z5e

Ratlorallzed mks units will be used cxcopt whon otherwigse spec ifiedc

Instantancous valués are uenotod by pirime acconts.
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'i EFFECT OF STRAIN-D*Eé?i!R%ﬁwmﬂ ON THE ELASTIC CONSTANTS
! *
: OF PLATES VIBRATING IN A THICKNESS MODE
With crysta]ds, of relatively low couplings like quartz, this efi?eé’t is
smaJJ, and especmllv 80 in the gquartz-netel sandwich, whene the thickmess of
the crystal layer is Small in b;oxEQQigsr on 1t the wavilongth, With crystals )
of strong coupling the Oﬁ‘ccu nay bc far from negllg*b.!.e. In eny case it is
des:o.rablc to caleulate its nagnitude, 7
The following proceduré it applicable to all thickness-type crystal j
transmitters and reccivers. Since both the direction of wave-propagation and
the electric field=dix ectlon 'xre parallel to =23 thc problem is one-dlmensional.
Tl;: wavés Ehemselves are Lere assmm,d to be cennprcss:c.ona.l= If they ucre trans- ,
verde, all equations would be unaltered except for certain subscripts. |
, N
The appropriatc équations of state arc thess giving the instantaneous !
< . 3
R . R S !
stress and elcctric displécemerit in any small volume cleinent.B
< 1 ) 2 :'
i T"l (x) = c11S1 (Y) €11 1‘“) (1) R
| Pi)-!:'}“c:) = esi@ tlE T T T T T ey ;
19507 P11% 1 - k
For simplicity and to avoid confiusion later; we opnit the ~su53f:ript§ and write ‘
o for f, I for oy, obtaining
M'(x) = of8') - ) @)
B I 2 T (- S
Specialized fron footnote 2, Easw {4) or (5). -
[ S o BRI et HE L N N gt = RN e i el
i T

P




terms, twd due to polarization gpace cuafge,; which is a consequence of the

strain-distribution, and onc to ihe potential diffeéercnce V between: the elec=

—_-tiodes, tho latier assunied to be in conitaet with the crystal. @n fhe other .

hand the clectric displacement. iz at all times uniform throughout the crystal,

so that one may write D' for D'(x). Then fron Bge (4), with Si(jk)\ = 0F (x)/0x

o

r[z ) - ' (o>} +2'4

T

Therefore

D' = &L 1{%1)-5«»} S (5)
4 -

; From Eqs. {4) end (5) we £ind for the total field

= . - C r 1
S _ Bix) _=,..£‘, i(x). %t 12 (f) z;’ )

STTE 1 - () }

Of the uhrce ternms. on thé right in Eq. (6) the first is proportional

+
_4<’
|
S
I\
N
|

P

to ( ¢} and co‘,zlbu X! to thc offective stiffncss. The contributien of

the otlﬂr terma to t:o efﬂéctivé-stiffness is discussed below.

P U

, 4:.:——————, ! - . [ = . - S —
The first two tcrms on the rlght in Eq. (6) arce due to the space cha;ge ] i

induced by the space~variation of strain. Sce footnote 53 also W. G+ Cady,

_ Physics &, 10-13 (1935).

: N
—_— U . e e e e i 27 e e B
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" “Bge. (1%} below, 1t can be proved that this contribution to the stiffness is

From Eqa. (3) and (6) the total external mecbanical stress on the

volume element is

hy

. A P
i U]l - ;g%‘-;-- (7)}
’_;4“ W T

,T'%x‘) = q S \(‘}c . o .;

! w"‘
—(*ts‘:!f

)=

a"

2

‘(_*\}: R

whers qF' = ¢& + H/cS, the well-known stiffness at constant displacemént. The
second Yerm on the right in Eq. (7) represents & uniform stress, independent
of « and opposed to the deformation. At frequencies in -the neighborhood of ,
resonance it can bs treated as a :c.ontribu’cion to the effective stiffness.

According to a method that has been described'previously,s and by use of

') = oOS'(x) - ;%'{; §'(x) - —Zl Jstxy = B (78)

8H2 /e, Eq. (7) is thereby converted to
£

The supnrscript V denctes. the stlffness at cunstant V- that is, when v' is
independent of 8'(x), so that &T'(x)/38'(x) = ¢'. This coefficient qV is
distinguished from qE,rthe stiffness at cbnsﬁant.fiéidg by the fact that
although, se in the transmitier, V is independent of the strain, this is by

no means true of the field E.

We G, Cady,; "Piezoelectricity," McGraw-Hill Book Company, Inc., New York,

i
" The wave~velocity c is rélagé&Afo ;v,g§,m-ﬁf;w,, - |
1946, Pp. 312-316. | | i




The stiffhess a’

: Sutput SITCUTt.

In the present discussion it is gss

for thiockness trans&uaews &n} q“

BOUNDARY ‘CONDI

4s has been proved in footnote 1,

placement gives Eq. (194) below.

) For expressing the equality of str
———————— —ing-squationswill be usedr | _ _
T1(0) = 2T, “ ﬁ\) Joot
~ R v Y ol L
. e
X)) = jocdQ(av &
) T({) q‘x& ( Y, + By Je
e e e PG <=““\y2 5 Bya)ééﬁi -

E'Q) = (By, + yy)edo® :
s'(0) = a%-(-yg + By,)edot

when there is no gap betwéen electrodes and crystals..

V. 18 no ‘Tonger the d“lvxng voltage, but. is ratb &Y uo be -
treated as contributing still .another term to the effective stiffness.
will be shown later, the effect is so zmall that it can usually be ignored.
ured that the effective stiffness is

Yengthwise transdues

q 5 to be used in the equations for the transmitter

In the case of the

repgiigé the voltage V in Eg. (7) is a functlon 6f the admittance Y2 of the

As

qv

ears,

TIONS
the assumption of perfect refiection

ésses at x = 0 afid x
(11a)

)

G T —
(11d)

(11e)




Equations (11a) and (11b) represent the stresses impressed on the

crystal by the back and front plates respectively.
From Equations (11b) and ( Me),

£'(0) - €'©) = (- iz = 35)e oSt (12)

When Eqs. (11a), (11e) and (12) are substituted in (7), with x £ 0,
the desired bounda.ry condition is obtained. In s0 doing, use is madé of
the following expressions: b = ?b% *3 ¢, =¢ _,\ V = @cg;. = £y -
Cocp/ee=mi and wfpe = arfec?/x = qu. ‘Then, on Te-grouping,

where 'N,;%HV/&I‘(?O = HV/BQV'
By the same procedure it is found that at x = X ’

- H(B-1)y [/  H°(B-1 o R
) (JB + —S( )) y2 =1} + _..__..S( - )) de(y4 - de5) *+N = @ {14)

£°Bq’ 1

The term He(B- 1)/esﬁq 18 ‘the correction due to space charge. If it
is sufficiently small it may be dropped. For example, with & quartz x-éut
p.v.ar,e, R = 0.030, I3 S = 3. 9(10~ 11), qV’ = 8’;73"(:1‘010), so: that Hz/cs V=

9

Loy

NS

8.7(10 3). As t to the magnitude of (B- 1)/6’, we have B = &3P = cosB < sinﬁ,
where B = 2#,( /N4 In the quartz=steel sandwich, ,?<< )\; if /{' )/10,
(B-1)/B = -04304 +0.935], and the space-charge correction can be ignored
unless high precision is required. At the -other extréme, if Al) = )/2,, Bp=m 7

B = -1, and again the correction can be ignored.

P VA RPIL SV

- FEOURE SN U U

RS 0‘@,}#» A
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= ‘The exXpressi ions for equality of partlclé dispiaceﬁéﬁgé at x -/f and
for equality of particile dlsplacements and stresses at x —,£ ,Xd, are :
Egs. {19¢), 19¢), and (19f) Below.! o
The last of the equations nesded for the solution of the: problem is 1
thet for the current to ths external circuit. In the receiver thé current

Yo due to the strain produced by the incident radiation. It is generated
in the LG branch of the equivalent crvstal network (whiCh for the present

purpose is most conveniently reprcsented as LGCTr§ and is denotea bv I in

~Fig. 2. Thé branch r 1s the e;ectrwcal equlvalent of all transducer lossess
while 22 is the impedan e of the external c1*cv1t The pagg;;glpgapagitangg

of the grystal‘is<61 = egﬂ/jz,.w;éﬁé & is the area.

Equivalent Gireuit of the Crystal Receiver
From Kirchhoff! ig_laus——- . : T ey
1 Y B o - -
S I+ +i+1 = 0 15,
: s YL P I =0 (15) ;
In thﬂS'equatng,;I; = V'/f = V'Gf : ‘ (15a) :
3 ‘ o - em Y, . f
and 7 I” = v'/i, = VY, = v (G, - jB,) (15b) |



- i "
H A (B- 2 A L
wher 1 == wCys The total admittance as Seen from the_g} branch is i;
= 1 M - = =D - y + Y " .
¥, G + Gy - 3(31‘*'32) 2 J(B 2) G, j 11,_2 ;
_ (17a)
where G, =G+ -Gz, YZ = C-2 - 332, and Y1—2 = Yz - jB1 =G 5 = j(B1+B2 %
‘ (1703
— - ——————- — Equation—(16)-can now bo writtes as s g
' ' - _ 4
HA(B-1) o | .
?2pc
|
From the £O§egoing, the system of simultaneous equations is as %
___ follows. Eqs {19b) comes from (13), (194) from (14), and (19g) from (18). N

'
SO
P -
'

The value of the first two terms in Eq. (15) is fourd by taking the

time=deFivative of Eq. (5). Then with the aid of Eq. (12), together with

V' = Véjwt‘_, we find for a transducer with active ares A,

Julq¥ + J‘%‘%(*B-ﬂ YFp=y3) + GV +IV = 0

This expression is now multiplied by H/w ,Ef: ¢ and rearrangeds

A
N i
'““1—*5715%1@; T ~.
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GENERAL TRANSDUCER E£QUATIONS

i
1=

A~
N
Q
sy
o
o s g &
g 0 & 3
- . _ R o . _ _’;\
_ - — - b Q
B 0 +0 +0 +de4 ¥ “yg +0 . ) g
20 05,4, 1R (T - : : - ‘
HA{B=1). HA(B=1) : : W = oo ‘
0 F57—2 -=53=—"y3 0 0 0 -jyN = 0 P
I pe 4 ee . < E
- In these equations there is no restriction on the material and thicks *i
: . nese of the cry&tgi‘a a}hd; Gf‘the back and: ff:qﬁt@latés-,ﬂ be‘“ﬁd the assumptmn 7 |
that intemal logses ere negligible. Since the écond ternms .'m the coef— :
Picients of ¥, and Y3 in Eqs. (19b) and (15d) have been ghown to be relatively
small, they can usualiy be droppéd. If many cases the back and front plates :
' ¥
- , , J
are of the same material and thickness, so that i, = mg and By = Bz. When B _*I
is sufficiently small, a“p'rcximatmn: formulas for the tiigonometrical functions i
can be. used. . ) :l
v = '




' i,
- Aé?iiCATIONS OF THE GENERAL, TR ANSDUCER EQUATIONS ;
Spectalization Rules. When there is no back plate, By = 1, Egs (19a) }
—— dtops~egt;w,;se-the»:%rst_;e$m~£ﬂ~£!E&Q@<A~‘~~r r»~———743~ﬂ»-‘A»—~ e e
Whén,g b= )\b/z (backing resonance), By = ~1.
When there is no front plate, By = 1, and ng =m.
} As the crystal thickness £ approaches 2ero, B approaches 1, _
When 40 = X 3 {erystal resonance), B = -1, : ' 7 ‘
’ ;u,‘Whnn /( d/z {diaphragm resonance).;Bd =1 AAA”,:A:‘N%Ziwﬂunu R
When the transducer acts &s a transmitter with a given impréssed - B
voltage V, ¥7 = @, Eq. (19g) drops out, and N is treated as a known quantity.
Application of these rul les will now be made -to gome practical cases.
- L | With ¥n = 0 and Eq. (19g) sut, the number of equations
: becomes reduced to six. If there is no back nlate, and ’urtherm-re~if.yé is

ellminated between Eq@: (19e) and (19f); four égﬁaﬁibﬁa remain, _Hifﬁ_%ﬁégx fi:ﬂrir}_

space-chargeucorrectiqn omitted the equations are:

* v By = N 7 (20n)
e BYp Yy may maBaye = N (22¢)
(m-ma) a5, +(m*md)y5 = 0 e ey

‘This case is treated in footnote 2, vhere it is also shown that thé proper

elastic sbiffnoss-costiictent is ¢V = ¢ - SH2APES. See alse footnote §

above,




For a crystal plate radiating directly into & medium f) 0% T DHPC

With air béicking, Eqs. (20) can be reduced to the form

ST T ) ?BFB =N R ¢~ - ) J
(1-n)By, =j(14m)y; = JN (21b)

The results derived from Eqa. (20) and (21) are discussed in the

papers cited, and need not be repeated here.

V_Receivo‘ with_frent plate but_no. back
The only cas¢ considered here &s that in which the tFanss

ducer is in resonance with the incident radiation, so that § = A/2, § =m,

and B = <%, The front plate may have anygbinknes - Equations (19) begoms -

réduced to

(1-i===ly, HitiZee)y, mgy, mBy, N = 0 (22¢)
Sz TNIE s T, hPe¥s TN =0

aBaY, < Mg¥s - Wyg = -y (224)
R - A+ /- S 7SR SR ) B
R L T . T T e e e
S : _..y3 + N = 0 (228
fcec ,Q
z . s e i
Report WUX—19 Bub-éontract DIC- 178188 bétween the Radiation Laboratory
Masgachusetts Ingtitute of Téchnology, and Wesleyan University, September
305 1945.

.t

f

. ’-;~2 ..__--
"N 2 N 2
(1+J;-5-'Sc-lv)yg +(1—j7;‘:§:{;v)y3 -jN = 0 (22&)
) ] ~ o o : 1 -L 'D_.vv_—i-;?"ﬂ~ - -9 - ,22b\ - -
- T e - _‘ 2 yB 4 d 5 . N _ e ] ’ =
SHR | B S




As before, the imeginary terms in the cosfficients of y, end yj can

usually be Jropped.

&s a further special case it is assumed that these imaginary terms

 so that By £ <1. ThHehr Trom Eq8. (22} one fiads

| .Vz -+ }"3

)
|

n o=

(4

V2. <3

. o ¥y *yy tmgy,  tmgy, N = €

Y, Y BgYs

- ——— . B o=
(,) S X Epes T
- Then after a 1ittle manipulating we cbtadn

can be dropped, and also that the front plate has a thickness ’qd = }\d/-?,

(23a)
(23b)
{23c)

(24)

<
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The offoetive picioeleciric constant {8 H = d3q/8y7 = 43497, &8 stated in

17

- ~ u - = 0 _ - (26a)
B cwty < o | ()
'awww~JL*!%gzshgﬁ%~.ﬁN~;4~@wh~~~w~«~-~a-M~ —-- <{2be}-
"V Y5 Ve T ¥q (262)
ny 4 -+ maxsv +xny6 = 0y | (26e)

Before proceeding to the solutloﬁ of these ‘equations we will show that

they, as also uqs. (2,,, hold siso for receiving trggggggeﬁg'gg the Iengthwise

typeo — 7 - -

Lenﬁthwise-tfee‘Receiver. - -

IIL

In this type'of.transduCef tﬁe electric field is at right
angles'tOvﬁHe dircction of wave propegatlod. it ,assumed that the 1ength 0
of t?e‘individua*.ggyatag unit is in the x-direétion, while the tbickness~t,
and thercfors the,éloc;ric field,- is in the z-diréction. The &lectric poiar-
izeﬁioﬁiie Vafi?ﬁie—ih-ihefx~diﬁection;bu£ #ot in the zedirecgion. Therefore
thcre 13'5; polarization space charge in the field d ‘Pection, and we have for
the instantanecous electric field only B' = v /t, The stmffﬁessacéﬁémant'is

= 1/8?1'{the small eorrection due to the output load is treated later).

fobtnoté:1, On the assumption that tnere ere n crystal plates, each of length

,@, width w, and thickness t, the radiating area is A& = nwts In practxce W may

be of the same order 6f magnitude aS'J?a The parameters N and \W are now

e

J U Y
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o =7"./q, and then 501 gfch(

defined as

L4 - 2 \
N = T7 *"tHA (27)
who e [
”"where c = (q /‘0\4 B S

To convert. Eqs. (19) into the proper form for 1e~;gthwise-tyre receive"s
it is only necegsary to drop-the second term in the: coefficients of ¥2 and ¥3
in Egs. (1 Sb) and (194), end to substitute t2 for X * in Bq. (192).

Ifi order to indicate how this comes about, it is enough to give inde-

pendent derivatio}is. of Egs. (23c) and ’(?3’?‘5‘ for the lengthwiss case. Eq. t23¢)

expresses the - equality of stresses at x = X, and ¥s based on the eguation

of state
..) 8:' 'T:,x\‘.\."—"”r-;;"""k E,(i‘)' \ ﬂ o (28) o
1 191 + ' 31“3 : i

Upon setting x = £, Bi(x) =¥/t = vej""’*‘/".,. U SERICANIE =

E

j )‘L‘_n

'y, we £ind

1 T

= e T R

T, (§) = 3—21)-\-( “Byp + y3)<aj‘*’t —QjﬁElert (29)

T‘T( ;Q ) is the negative of the pressure of the front plate against the ¢rystal,

and is to6 be jequated to Eqs (11b). At resonance, By =B = «f. Then, with

631 qE = H’ Eq' (2("\ becOmGS - L
J >‘d’ '(Y4 + Y5) = .J—.s%'(yz + y3) -

sl N
PR | Y’ S



. - We now divide both siies by wpe and note that 2 2mag/ Nwpe =

;‘.O-‘d‘qd/ P ¢ = my, olse that. '2rrqE/ )\w.fc = 1, thus obt aining 7
_ -~ R - R T e ‘:‘T‘.‘:'Z“';“"““d“’ ‘:’""‘..\“.H:‘"'."',>'EIT" :"'—_‘—'g"v’-é"—“ .."‘J" ":‘KT"" R N N M -
B HgWy CIsS T w;\;“o“c\ =TUCT gy T

in sgreement with Bgs. {230}’&hd:€26@§3 The nroof for E4. (26a), at-x = 0,
is similar. ‘ ' '

” n deriving the equation for current we use Egs. (15) to (15b) 1In

s expresﬂing the clectrlc d;splucomunt, howoverg Eq. (5) is not to be used, but.

rather tho cquatlon of state in terms of stress*

W

Djx) = AT ) +eTE (30)

Whgn,T;(X) 15 eliminated between Egs. (30) and (28), there results

H _5_7 = % 1, t 7
b i I SRS R I = 2nx ot

. vhere £ p =¢&* = d,, /s, =nd S, (x oy ( T - ej )eJ

' R - 7«31/1?1 B e ) = y2 ST ¥ge

- from footnote *. The current through the crystal (seé Fig. 2) is -
K
I + 1

. D g

 pon writing mwt = 4, AL o =, o b= and Wibpo =N and

combining Eqs. (15), (152}, (15b), (17a), and (31), one arrives at Eq. (23£)- .
Equations (23b), (23a); and (23¢) are all valid for the Jengthwise-type receivs
ér. Therefore Bigs. (23) and (26) hold for peceivers of both thickness and

lengthwise types.

S T




i THE TUNED CRYSTAL RECEIVER
The fest of this peper is concerned with thé transducer d‘eéignéd for
receiving at a single frequency, having tals with £ = X/2, with op
= 77 7 without a front plate for which £ a= I\d/z. Ifi’i‘,hfé”fi‘éhf plate has no
internal losses it has no effect on the results at rssopance; although it
does increase the quality factor Q and thereby uiakes the trensducer elightly
_ _ more Sensi-’t_;iv,g to changes i:n: frequency»,- Similerly, if there were a haif-
wavelength back plate it would iricrease Q still further without affecting
7 ‘the soluta.on at resonance. - )
The solution is to be derived fTom Egs. (26): It has beern shoun that
these equations hold for transducers of either the léngthwis,é. or the thickness
——4%ypes 4f the proper definitions are _attached to N and Woero —
The solution of Egs. (23) or (26) yields the followmg relations, in
which Y; is expressed according to Eq. (17a):
) femge?'». fad %) +n (B1 +B2) ' jAmY(B1 B
Yo = T 2 Ty o AD=]
i R ¢ N 2\y) (131 + 132)
m(B +B)-j(mG + 2 ,
(mGzr +2 \y) + 1 (131 + 132) )
I where s o 2mwePt o e itamad
ST T Ty
for the lengthiwise type, and - )
\{/1 = T h : (33v)
for the thickiiess: typ
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"év‘agnltuac and phasé ofF V with respéct to &n are found by setalng‘

§o :4{70~ = 57@96597 * j ginejb in Eq. (33) and equating real and imaginary

parits:
. m(B1 + Bz)cosé;7 +Z§1c3;7?2 &}/)sm&; -
v o= g - 5 7 (342)
(G2r+2\{/) + 0 (B4 +B2)
mGs,. + 2 ,
tangy = &L (34b)
n(By + By)
When BQ = -B1 thése. expressions becoma
_ \F*F—\~— ‘ s
I I A :
v o= AR AT - (34¢)
M TEY
tang, = oo, @y = 90° (344)
Thus when 32 = éB’:lx, v 1agsd90fé‘ beh:’i.ﬁd‘ Evz.

!The dependenﬁe of V upon H and the electrical admlttance merits a short
discussion. The 51gn1flcance will not be lessened if for simpliclty, and in
conformity with common practice; we set 32 =\6B1, so that Yt is a pure conduc-
tance. For the lengthwise type Eq. (34c) becomes

B -
~ ; TG, tA H ,
’ v o= 44 PR By - (35)
R 2 pg,ah +4aH -
When G, = ©9, the crystal is short-circuited and V = 0 whatever H | may
be. As G2r deécréases; V increases uniformly until G5 = 0 and only the loss
conductance G, remainss V then has its greatest possible valve with given Gy.
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If even G, wers abséht wé would have the ideal %rarsducer, with

7mq~'E"b we st .
V o= e iy, = e ey 36
RLu~? H 5( L 9)4

Next consider *he relation of V to H. For a given G,., V in Eq. (35)

has a maximum when

B ,7'2 'Ifl'b ' F ¢ EQCt e R ‘

where Hp is the value of H that makes V a maximum for a given Gy, From -

Bq. {(35); withm = @geo/p€ and q

L

”’J maximel V is
max 71 Ga oH - ~ '
For value§ of H smaller or larger than that giver by Ba. (37), V decreases,
oo . ... opproaching zero-as-H-approachcs Zeré. ., ° ~ T ' d
Vnax 18 obviously greatest when Gs = Or.and GZr i8 mads as SMAll - - - ‘
&s possible, and . when the ,piezoelecﬁric'const_aht H has the value given by
Eq. (37)%
i
o B U

oo = @fpe, the corresponaing -

AR § 10 M

st b e
N T

e e, m b
RN



The same conclus:Lons Qpﬁ?qy: akso to LC\.QJV\:.&D of the thlr‘kness type.

Smce, V is the peak voliage, the power sunp ded to the external éircuit

2' i R
- - 1 . A J;..‘ ‘ {3,- . - 2
P = < V2G2 = i-l-- e i e J? e ~_2:E,;
2 ' 2 (mGy mCy ¥ 2 -\}‘)2 + Iif.l"d(B-} * B'gr)“

(39)

‘Equation (39) shows that the power—is always increased by making

"By ’TL'«'B.] » which means compensating for ~ G4 by a suitable inductance.

The total power absorbed from the incident raciation, including Jocses,

2 _ Y1 _._C‘z“}f
‘ 2 (mu +mG +2\§u) +m(B1+B

5 E'?
2)

This expression ¢an also be dérived by meking WiSe of the fact that all
of the incident energy ‘that is no’o absorbed by the transducer goes into the

reflected wave, so that Fy = 5 W ‘A,eocQ(E7 =& ) 767 and E, are the moduli

of ¥4 yg» ond yg is ;g'iv‘en by Eq. (32). - -
= T -of diterest tordeterming the value of the output electrical ad-

mittance that “‘z;:e the usefil power a maximum for given T Enpe ‘Thé derivatives

of P with respect to Gy and B, are set separately equal to zero, giving twe

simultaneous equations:

L 40) -

B
s
‘A‘i
i

s
L] %22

Lol b
Ry



PO U,

’G‘A =

Gp(By *B

2

= 0

solution G5 =@ or negative),

, e DR
G + 29/m)” + (By + B,y

By ® =B

i WHen these equ"tions are. solved for G2 and Bz, one finds (cxcluding the

(41)
)

. 2\ A ) o
G = G+ ‘?f;- Gy ;%—- (42) I
: = — _;9.9% e R
- sing these values we find fre (39), for makximal useful power, ;

w, ' 2 B2 2 .

PO L ENFLIN " S

B max g ( -
m G, +2x,/ NE pe eoour-i-A,HzA

(43)

1 bé calculated from

The loss=conductance.

rGfica. be

42) the conductance Go fof maximal output power

¢ measured; and %P 8oy

£l 3
uilit v

)

f‘\

\&ijy B0 1 Tom

Eq. (25} or (27)

cen be found. In order to consume maximal power, theﬁoutputvcircﬁitrshould

have this conductﬁnce, together with 8 susceptance By = = B1.

The voltage V when P is 4 maximum is fourd for lengthwise vibrations,

from Egs. (35) and (42):

e E U T U
2wmq “tA H .
b £ tg(o e, G + 4AH2 57 (44)

A similar’expreSQion can be derived for thickness vibrations.

It is seen from Egs. (35) and (44) that; whén By = « By, the voltagse

{

-

ki

}

2

i

3

J
"} v

i

2 b2




for 02.=x0 is just twice as gitcat as when Go has the value that makes the

power a maximu..

If there ore no logses, G,

1

o, and from Eqs. (41) ond (42) the condi-

vtions for maximal powcr bocome B2 = - B1 and G2 = Zyoﬁh When these substitu-

tions afe made in Rq. (32), it is.fouyd that yg = O: This means that the = °
ideal transducer can become a perfect absorber, nu energy being reflectad.
The vglmgé V generated by the received energy make',@ the transducer act as a

tronsmitter, emitting waves of amplitude gé = - E7. How closely the actunl

,ransducer appro*ches tne idea¢ dbyends on the lusses Hiu is, on the trans-
' ducer*effmc;ency, For a giveﬁ-Gr. Eq. (43) shows that P increases with H.
Therefore, in order to convert as much s possible of the nccustic energy .

into useful poéweF output, the tfaﬁséuéé?-shéuidvéontéiﬁ crygt&ls of high H.

- — - P - - ———t




___ &t the free end, . . . o

EFFECT OF OUTPUT ‘IMPEDANGE ON TuE CRYSTAL VIBRATIONS

When plone waves of ampiitude g7 »all at hormal iﬁcidencé'oh a haifé

wave 8lab of dsodropic no-loss sodidy, the facey of the solid wwbrate with
amplit ‘ 2{7° There is o lcop of motion and a node of strain at each face,
while at ‘the center of the slab there is a nede of motion &nd a loop of strain.
Reflection is complete, Tho.refiocted.ane, with amplitvde Eé é‘E7, is in

Phose with £y, just ns when the acoustic wvave in air in a tube is reflocted

The effects described above romain unchanged vhen the half-wave slab
is piezoelectrlc, with short-cirenited electrodes (It = €9 ) /o« The material

84111 behaves as if isotropie: - Let us Suppose next that the electrodes are

connected to a loen): os¢illator of the same frequency asg the acoudtie¢ input,

but with.cnntrolleble voltage and phase. & half-wave no=16s8 back or front

pla%e, or both; may B present,without:gffééting the results. By variation

of vthage and phase the radiation emitied by the erystal can be made 6 have

,,.f-\....
Vir

any value, greater or smaller than 57, and in any phase relation to 57. The
anplled voltage V causes 2 resonent vibration of amplitudeé EV whichzis super-
posed on the vibrati ion due to E7. In particular, if V is such as t0 make the

%ector L= - E4s; the crystal hasg a résultant amplitude equal to and in phage
V 7?

Hmjiith.E (sincnmr7~alenewau;g produce the amplitude . 2{7) . and there 18 no

radiation back into the medium A1l the acoustic ene*gy is then absorbed,

-

thne other hqnd, if EV F o= 2@7, thnre is an émitted wave of amplitude

56_= - {7,.and 1o motion at the boundary. Reflection is complete, but takes

Place as in adr at the enu of 4 cloeed tube, where the refiection ig effec-

tively from an infinitely sTiff medium,




Py CEST

P,

When G, = 0, Ey(f) = - E;. The negative sign means & difference of 180° in

No energy is reflected, all being absorbed in the output circuit. The realiz=

able approximation to this idenl condition depends on how small G, can be made.

"I‘Fh‘en* { )‘(' )*r.urns*out*tOﬁbc agaual to = ZE “and thére is a retuming radiation

of amplitude '56 = E,7, with no motion at the erystal boundaries. That thaere is

It will now be showr: that in the ideal no-loss crystal receiver

values cam be assigned to the passive om‘wt ednittance that will cause V
to be exactly vhat is needed ty preduce The effugls that have Just ‘been
described. For this purpase we ,r.gquire the expressish for EV“ the amgiitude
at f due to V elone, in terms of V. It is gi¥en ih footnote T, Ege (35),
which for ;hhe; resonant condition becomes simplified to E(,? )=k a= 28/m,

Considering ounly the lengthwige-type receiVer, we have N = HW/wt :ec, so that

o L. wkPem  atpc, B A

“For the conditlon of Hakimal power outnut, V is given by Eq. (34a)

vith Gy = Gy + G, = 26+ 2y/m from Eq. (42); so that (45) becomes:

reduced to - -
Ev( IQ ) (,1;6)

pha’SeQ E(,Q ) lagas 90° behind V, and, as we have seen, V lags 900 behind E7.

e e o o — W ——

e S NV SISO P

Fer the condition of perfect reflectmn we set By = -By and Gzr = Q,

no motion at the boundaries can also be verified by solving Eqs. (23) for y»

s
s Sl sl st s rs e o
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|
St 2 et s
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B fe . - -7
) = nf;. The crystal vibratcs like o bar in Fesonant vibration with both

and*yé, and setting these values in the general équation for partﬁcle-

-

displacement at resonance (fn. 4, Ea. (6) 17@

g (=) (s = -yl TN Jedt

It is found thus that vhen By = - B, and Gy =0, E(0) =£(L) =0, wile

ends clamped and a loop of motion at the center.

.
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TRANSDUCER EFFICIENCY

As  Trapsmitter.

3 :‘.—’-zG't, wheie V 15 the peak ¥oltage, and the

total electricnl conductance is ‘G.t. =G ¥ ,Gr. G, = 1/r is the 1hss conductance

The input power is Py =

{Fig. .2‘), énd G = 1/R, where R is the resistance in the usual RLCC1 crystal
network. If cryé‘tal losses are ignored, R ia due solely to the radiation
resistance of the irradiated ;*ued-i.um. For a thickness-iype tronsducéer consist-
_ing of n plates in lengthwise vibration, R = p{ta/4H%m; for the thickness
type, R = pf 2a/45%, vhere { 1s'the thickness dimension. In either case
‘the demping factor is ¢ = cm/ X =c (oocc/f? c_/?; ¢ With these data it is

éasily proved that in either case G = 2';/2/1;-.

_'i‘h‘e useful ou'tput__w:i,;s_ P = sz Vz_(j. The efficiency "v\ is therefore

M =FK °FFg TTTel

1
e A ] [ra)
1 + mGr/?‘w \47)

Tho input power is P; = j,; “’.€o°ef“€§ . On combining this with Bq. (39)
one finds 7

Lt

BRI N i Ydest 12

R 2, 20 a2 (48)
i (mGp + MG, 2\//) 4+ m(Bq + Bg)

P

= 3

When for G, &nd By the values given in Eqs. (41) and (42) are used, we

£ind for-the efficiency at maximal P

= 2\ -1 S |
“\ - -"—‘Gr + 2\{/ Y ”r/zslu ) (49)

|

This expression is' the same @é that for the t.;g.ns@’;tper_if_zuigq, (A’?).




EFFECT OF QUTPUT ADMITTANCE

In the forugoing theory it was assumed tﬁé& ithe wave-velocity o and

the stiffness ¢ = @ ¢® wer¢ independent of the output. For both tronemitter

R A ——n, R A W A S
30

and receiver wé used @ and :'ci:F—‘ for the thickness, end lengthwise types, res-

- peetivelys - : e .

A siall gorrection to thede values must ﬁgw be¢ consideréd, In both

types of receiver the voltage V depends in magnitude‘and.phaSe on the output :

admittnnce. Thoe resulting contribution to uhe field, V/C?, causes stress i
S e _ ]
whi¢h in turn affects the effective stiffness, as may be seen from Eq. ’7a) }

Since this field is uniform throughout the crystal, the resulting stress is E

uniform and thercfore not propoztional to6 the straim; noe, in general, is it -

in phase with tne Stf"lno Nevortheless its effect on the effective stiffness :
can~be~calculgted by o procedure analogous to that mentloned in footnote 5, :

l For ﬁhé*IEﬁgthwisé—type.?ece vor the corrected efféctive stiffness is Q
e o - ) 2
== _ R e - 8AH_G~_\B1 “—BZ) b J o e - LBAN . e :
, , g = g = ") 2 2 {50) 1

}

. §

The coerSpond ngfexpression for the thickness-type recpiver is .
. 12 G2 + (B1 + 139)2 o " N

. o i
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The cemplex character of the correction is die to the phase relation

between V' and T (x} in Eq. (7a)s ~  — - - | ;
in cal culatlng the correcoed values of the velacity and r»sonant
frequency from the relatlo'q g * (c # = 4F+‘2,Q 2, only the réal part of qin
Egs. (50) and (5i)1is to be used. Thus for the lengthwise-type receiver, _
- g 8t By +3B, o
- 7rt G2r + (B1 -’r B2\ S
For the thickness-=type receiver,
T, e b, +By T
Roq = q = 02 z . N2 (53) ji
— - -~ - 1
As an illustration one may consider the case. of the thlckness-type j

R e S,

|
|
:
i 1
R e W it e e e

receiver an open cir cuit for which Go =0 a.nd By = 0. If the receiver has
no 1088, G, = 0, and since By = = uly = - 2rfe"a/f , Eq. (53) becomes reduced
\to - . ,7 ,,” -

. [N
£

| 5
, ‘ v 8H D : ., i
Req = q + = q (54) ,g

R = 247

ih accordance with Eq. (8): A siinilar réelation cdn be proved for Eq. ‘(‘5‘2).

Whenever 82 = - B1 ) thn correction vanishes, and the effective stiff-

S . S e

S N
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SUMMARY OF EFFECTS - B
OF OUTRUT ‘CIRCUIT &N RECEIVER PERFOMANCE
: -7 TG00 “or By = ©0. Short circuit, V= 0, p = o. Use & for |
) lengthwxse, qV for thickness. type.‘ . -
‘ 1L G20, By = 0. Open circuit, P = 0. Use q¥ for both types of
. 7 . receiver.
S TI. Gy =0, By= =~ By. G is neutralized, P = 0. AIl incident energy
that is not reflected is expended in overcoming losses in the ]
LT L - o R i
transducer: For a given E,’,, V hag its greatest possible value, l
denoted by VQ, decreasing as Gr increases. If G = 0 all energy
-~ is reflected as from an immovable wall, a.nd qu. (52) and (53) !
i
‘ cease to have mee.ning.
IV, B5 = = By, Gz>§', 7 C_j is neutralized, and useful Power appears in
' the output. In the particular case where G. 2 &and G G, ‘have_specified .
- values and H has the value Hm £&iven by Eq. (37); V has its maximal
value Vaax with respect to H, for _given 57 . For al1 va.lues of ,
Gr‘, as long as (}2‘ + Gr = Gz‘:- remdaing consiant, and Hm .-1§emg~ins' ‘f
constant, Vnax Temains unchanged. The stiffness. e is given by s
- L L T ———
e TBf;z‘ = =By Gy =Gp+2 ¥/m from Bq. {42). This is the condition
- for maximal P. VP and P are gfealteaﬁﬁih‘e‘n Gr’ =0, diminigllipg as %
- Gr, becomes greater. At all ‘v(}lu.es; ofﬁGz*, -'u’P nas half the value of 1
) Vo mentioned in II. The stiffness q is given by Equ (52) or (53). .
SRR




EXAMPLES OF REGCEIVER -CALCULATIONS

o R - -

Using the best available numericel data; we have calculated various

parametynrs for two hypothetlcal transducers, for dn.f‘ferent Values of the 1085"

cenductance Cr' Only ‘ohe resenant frequency $8 cohsidered, at wiiich Z A /2
for the: r-rysta.lk.. As a first-order' approximation the variation of stiffness
with admittance of load, and consequently the small variation of resonent

frequencyy,can be ignored. If no-loss half-wave front and back plates are

present they do not_affect.the results. — - - : .

I. uengt’lwv se t e, consisting of ammonium d;.hydmge‘i phospnate (ADF)

Z-cut 4>° plates forming an assemuage with receiving area A=8x%8 cm2.

Tue plates have dlmensions 1 @.041 netefs, w = O 02 meters; ¢t = 0 005
me,ters.— The number of plates 15 n = 64, area A" = nwt = 3\ 8 ’erz,

H = 0,473 coulomb/meterz, ‘_(E ; :e91(1610)newton/meter2, frequency £ = 40 ke,.

e =1 804(10’)kg/meter3 ¢ = 3.36 (103)meter/se peo = 5.88(10 Ykg meter =2
:‘sec : 60% 1e 55’10 )kg meter 2suac -1 for sea water, m= eoco/pc = 0.263,
[ 2 =1, 27(10'10)farad/meter. From these constants afe. calcula‘oed
= -5 5 ,
Y ‘.95(10 )2 7U1 Ts 60(10) o
i -~ P is about 7 percent greater than qE. For the curves in Fig. 3

only q® is needed. 7 - =

VR

© T 1IX. Thickness type, circular X-cut quartz plate resonating at 15 Me.

A= T740107 2E) meter~, thickness X = 1, 92(10"4)me'ter, H = 0.173 coulomb/meterz,

q 8.8(1o1°)newton/meter2, P = 2, 65(103 )kg/meter v © = 5.75(1 167 )meter/sec,

f) 715:2*(i06)kg »l’net’e’f;}zr"seg'“r’, 00 = 1 55(106), m = FO /pc 0.10,

-

eS =3, 91(10'“) farad/metér. From thése constants are calculated
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- by i ) . A
. W= 7.8(1070), Y. = 2.50(10%) - ]

qD is about 0.7 percent greater than dv.

.t

YT ShewrebLeal pex;u;mdube i U LBHHUHW‘bB _Teteiver 18 snown in

T Fige 3. G = /r is the equivalent conductance due to logsesalnvthgrpranSv
ducer; it is related to the efficlency ~ by hq. (49) V, is calculated

‘from Eq. (34c) for G2 0Oy B2 = - Bys Vpay is found from: Eq. (38); and the

o correspondlng Gglmgpgf‘sygwn igigggf 3) from Eq. (37) 'Gg_for'yﬁgx is . 1; ‘
. :Gzrf- Gy PforV comes from Eq. (39). . - . ..
o For the curves relating to maxinal power; Gz is calcu;ated from Eq.(42)
- Mﬁilqugr =Gy * Gr; 'Pmax is found from Eg. (43), and the corresponding Vp l
from Eq. (44). I Fig. 3 the linear increase of both Py apd'ﬁp with effic-
lency is made ovident, togsther with the value of Gy needed to make P & mage
_ _ i, , : el .
. A 7 ) Fig. 3 also i¥lustrates the fact that at all efficiencies V is tuics .
:fri~1ﬁr o a;qgréat aS‘V;;_Duu since Vs {5 the vol vage when G2 ‘O th;re is then o 85 - - o
| uaeful powver. o | : L e e -
) On the other hand, when G5 has the value needsd to ake V & Baximum,
then as long as the efflc*enCJ is abové 50 percent V . has a constant value
-equal to the value of VPawhen.n] = 1. ’Useful pOWeriiS then)delivgred, but—it
‘ —;stQﬁéifib Prpax only whenKW\': 1e Aé the~efficiency-decreaaes, the power coi-
T ~responding to Vpey diminishes rapidly, betoming wero when Ay = 0,5 T

For the thickness receiver the curves would have the same general form.
It must suffice here to state that fof an efflclency of 50 percent, -

77— 15 6(10"5) mho and F = 6400 ohms. For max;ma’ “"Mu‘, at 100 percent of -

ficlency, Gp would be 15;6(10'5), iﬁcreasing as ‘the efficiency'decreasedo
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- ! . s K Fng 3 -
* Phooretical Curves for an ADP Receiver
‘Absctssas are values of the efficiency m when the output
i R . .. 7 i
conductsance Ga 18 adjusted for maximal power Ps The t,r;mﬁ_béi@fd@
the vertical acale .are..to be multiplied by the following factorss A
. Conductaﬁces G 171 mhoa, 1*(_5"'15 ’ - F
. Resistance n ohms 40 S
" T T ‘i’ ‘,7 in VoL uE p“b;‘:méfé‘f-;* 107 B .
.y ,_,,P/Eq, in watts per me'i:.ex‘2 2( 12) _ iI
. . . - N o o . B
- e - ﬁ. e.na u2 gre-the-valuss Iormexs B Ah__‘r_:i-._.ds % e_value of Gg for K -.
max. V. -Circlés and triangles are poihts for "‘nivh Valuss wers-- - I
“iedlotilateds e i
' . et
' L N T B - - et : i
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